In the presence of large uncertainties, a control system needs to be able to adapt rapidly to regain performance. Fast adaptation is referred to the implementation of adaptive control with a large adaptive gain to reduce the tracking error rapidly. However, a large adaptive gain can lead to high-frequency oscillations which can adversely affect robustness of an adaptive control law. A new adaptive control modification is presented that can achieve robust adaptation with a large adaptive gain without incurring high-frequency oscillations as with the standard model-reference adaptive control. The modification is based on the minimization of the L 2 norm of the tracking error, which is formulated as an optimal control problem. The optimality condition is used to derive the modification using the gradient method. The optimal control modification results in a stable adaptation and allows a large adaptive gain to be used for better tracking while providing sufficient stability robustness. Simulations were conducted for a damaged generic transport aircraft with both standard adaptive control and the adaptive optimal control modification technique. The results demonstrate the effectiveness of the proposed modification in tracking a reference model while maintaining a sufficient time delay margin.
I. Introduction
Adaptive control is a potentially promising technology that can improve performance and stability of a conventional fixed-gain controller. In recent years, adaptive control has been receiving a significant amount of attention. In aerospace applications, adaptive control has been demonstrated in a number of flight vehicles. For example, NASA has recently conducted a flight test of a neural net intelligent flight control system on board a modified F-15 test aircraft. 1 The U.S. Air Force and Boeing have successfully developed and completed numerous flight tests of direct adaptive control on Joint Direct Attack Munitions (JDAM). 2 The ability to accommodate system uncertainties and to improve fault tolerance of a control system is a major selling point of adaptive control since traditional gain-scheduling or fixed-gain control methods are viewed as being less capable of handling off-nominal operating conditions outside of a normal operating envelope. Nonetheless, these traditional control methods tend to be robust to disturbances and unmodeled dynamics when operated as intended.
In spite of the advances made in the field of adaptive control, there are several challenges related to the implementation of adaptive control technology in aerospace systems. These challenges include but are not limited to: 1) robustness in the presence of unmodeled dynamics 3 and exogenous disturbances; 2) stability metrics of adaptive control as related to adaptive gain and input signals; 3) adaptation in the presence of actuator dynamic constraints; 4) on-line reconfiguration and control reallocation using non-traditional control effectors; and 5) time-scale separation in actuator systems with different time latency.
The absence of the verification and validation methods of adaptive control systems remain a major hurdle to the implementation of adaptive control in safety-critical systems. 4, 5 This hurdle can be traced to the lack of performance and stability metrics for adaptive control which poses a major challenge that prevents adaptive control from being implemented in safety critical systems. The development of verifiable metrics for adaptive control will be important in order to mature adaptive control technology for use in operational safety-critical systems. Of these, stability metrics of adaptive control are an important consideration for assessing system robustness to unmodeled dynamics and exogenous disturbances. In one aspect of verification and validation, a control system is usually certified by demonstrating that it meets an acceptable set of requirements or specifications for stability margins, among other things. Herein lies a major challenge for verification and validation as there is no existing standard tool for stability margin analysis of nonlinear adaptive control. The lack of stability metrics for adaptive control is viewed as a technology barrier to developing certifiable adaptive control for safety-critical systems. 4, 5 Over the past several years, various model-reference adaptive control (MRAC) methods have been investigated. [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] The majority of MRAC methods may be classified as direct, indirect, or a combination thereof. Indirect adaptive control methods are based on identification of unknown plant parameters and certainty-equivalence control schemes derived from the parameter estimates which are assumed to be their true values. 16 Parameter identification techniques such as recursive least-squares and neural networks have been used in indirect adaptive control methods. 7 In contrast, direct adaptive control methods directly adjust control parameters to account for system uncertainties without identifying unknown plant parameters explicitly. MRAC methods based on neural networks have been a topic of great research interest. [8] [9] [10] Feedforward neural networks are capable of approximating a generic class of nonlinear functions on a compact domain within arbitrary tolerance, 17 thus making them suitable for adaptive control applications. In particular, Rysdyk and Calise described a neural net direct adaptive control method for improving tracking performance based on a model inversion control architecture. 8 This method is the basis for the intelligent flight control system that has been developed for the F-15 test aircraft by NASA. Johnson et al. introduced a pseudo-control hedging approach for dealing with control input characteristics such as actuator saturation, rate limit, and linear input dynamics. 10 Hovakimyan et al. developed an output feedback adaptive control to address issues with parametric uncertainties and unmodeled dynamics. 12 Cao and Hovakimyan developed an L 1 adaptive control method to address high-gain control. 13 Nguyen et al. developed a hybrid direct-indirect adaptive control to also deal with high-gain control issues during adaptation.
While adaptive control has been used with success in a number of applications, the possibility of high-gain control due to fast adaptation can be an issue. In certain applications, fast adaptation is needed in order to improve tracking performance when a system is subject to a large source of uncertainties such as structural damage to an aircraft that could cause large changes in system dynamics. In these situations, a large adaptive gains can be used in the adaptation in order to reduce the tracking error rapidly. However, there typically exists a balance between stability and adaptation. It is well known that high-gain control or fast adaptation can result in high-frequency oscillations which can excite unmodeled dynamics that could adversely affect the stability of an MRAC law. 16 Recognizing this, some recent adaptive control methods have begun to address high-gain control, such as the L 1 adaptive control 13 and the hybrid direct-indirect adaptive control. 14 In the former approach, the use of a low-pass filter effectively prevents any high frequency oscillation that may occur due to fast adaptation. In so doing, the reference model is no longer preserved and instead must be reconstructed using a predictor model. In the latter approach, direct and indirect adaptive control are blended together within the same control architecture. The indirect adaptive law is based on a recursive least-squares parameter estimation that is used to adjust parameters of a nominal controller to reduce the modeling error, and any remaining tracking error signal could then be handled by a direct adaptive law with a smaller adaptive gain.
Various modifications were developed to increase robustness of MRAC by adding damping to the adaptive law. Two well-known modifications in adaptive control are the σ -modification 16 and ε 1 -modification. 18 These modifications have been used extensively in adaptive control. This paper introduces a new adaptive law based on an optimal control formulation to minimize the L 2 norm of the tracking error. The optimality condition results in a damping term proportional to the persistent excitation. The analysis shows that the adaptive optimal control modification can allow fast adaptation with a large adaptive gain without causing high-frequency oscillations and can provide improved stability robustness while preserving the tracking performance. This paper is organized in two major sections. The first section is devoted entirely to the theoretical development of the new adaptive optimal control law which includes a Lyapunov stability proof and a derivation of an upper bound of the tracking error. The second section demonstrates a practical implementation of the optimal control modification in a neural net adaptive flight control architecture for a damaged generic transport aircraft. Simulation results are presented to demonstrate potential benefits of the new adaptive control law. 
II. Theory of Optimal Control Modification
where
and B ∈ R n×p are known such that the pair (A, B) is controllable, and f (x) : R n → R p is a bounded unstructured uncertainty. Assumption 1: The uncertainty f (x) can be approximated using a feedforward neural network in the form
where Θ * ∈ R m×p is an unknown constant weight matrix that represents a parametric uncertainty, Φ (x) : R n → R m is a vector of known bounded basis functions with Lipschitz nonlinearity, and ε (x) : R n → R p is an approximation error.
for some constant C > 0, which implies a bounded partial derivative
for some constant L > 0. The set of basis functions Φ (x) is chosen such that the approximation error ε (x) becomes small on a compact domain x ∈ R n . The universal approximation theorem for sigmoidal neural networks by Cybenko can be used for selecting a good set of basis functions Φ (x). 17 Alternatively, the Micchelli's theorem provides theoretical basis for a neural net design of Θ Φ (x) using radial basis functions to keep the approximation error ε (x) small. 19 Assumption 2: The set of basis functions Φ (x) satisfies the persistent excitation (PE) condition for some α 0 , α 1 ,
where I is an identity matrix. The objective is to design a controller that enables the plant to follow a reference model
where A m ∈ R n×n is Hurwitz and known, B m ∈ R n×p is also known, and r (t) :
Defining the tracking error as e = x m − x, then the controller u (t) is specified by
where K x ∈ R p×n and K r ∈ R p×p are known nominal gain matrices, and u ad ∈ R p is a direct adaptive signal. Then, the tracking error equation becomeṡ
We choose the gain matrices K x and K r to satisfy the model matching conditions A + BK x = A m and BK r = B m . The adaptive signal u ad is an estimator of the parametric uncertainty in the plant such that
where Θ ∈ R m×p is an estimate of the parametric uncertainty Θ * . LetΘ = Θ − Θ * be an estimation error of the parametric uncertainty. Then the tracking error equation can be expressed asė
Proposition 1: The following adaptive law provides an update law that minimizes e L 2 Θ = −ΓΦ e P − νΦ ΘB PA
where Γ = Γ > 0 ∈ R m×m is an adaptive gain matrix, ν > 0 ∈ R is a weighting constant, and
The adaptive law seeks to minimize the cost function
subject to Eq. (10) where ∆ represents the tracking error at t = t f . J is convex and represents the distance measured from the normal surface of a ball B r with a radius ∆.
Fig. 2 -Tracking Error Bound
This optimal control problem can be formulated by the Pontryagin's Minimum Principle. Defining a Hamiltonian
where p (t) : [0, ∞) → R n is an adjoint variable, then the necessary condition giveṡ
with the transversality condition p t f = 0 since e (0) is known. The optimality condition is obtained by
The adaptive law is formulated by the gradient method aṡ
The solution of p can be obtained using a "sweeping" method 20 by letting p = Pe + SΘ Φ. Theṅ
which yields the following equationsṖ
subject to the transversality conditions P t f = 0 and S t f = 0. The existence and uniqueness of the solution of the Lyapunov differential equation (19) is well-established. It follows that Eq. (20) also has a stable, unique solution in time-to-go
Sinceṙ ∈ L ∞ , Φ is bounded and Lipschitz, and p t f = 0 from the transversality condition, then as t f → ∞,
for some constant vector σ t > 0 ∈ R n , and I ∈ R m×n is a matrix whose elements are all equal to one. Consider an infinite time-horizon problem as t f → ∞, then P (t) → P(0) and S (t) → S (0). The constant solutions of P and S are determined by their steady state values from Eqs. (19) and (20) that give
The adjoint p is then obtained as
where ν is introduced as a weighting constant to allow for adjustments of the second term in the adaptive law. Since Θ * is constant, then the adaptive law (11) is obtained from Eqs. (75) and (25).
Defining δ ε = sup t |ε| and ϕ = sup t Θ * Φ , then for ν = 1 the unknown tracking error
where λ and σ denote the eigenvalue and singular value, respectively.
Theorem 1:
The adaptive law (11) results in stable and uniformly bounded tracking error outside a compact set
Proof: Choose a Lyapunov candidate function
Using the trace identity trace A B = BA ,V can be written aṡ
The sign-definiteness of the term PA −1 m is now considered. We recall that a general real matrix G is positive (negative) definite if and only if its symmetric part G = 
Since the symmetric part M < 0, we conclude that PA −1 m < 0. Then,V becomeṡ
Letting y = BΘ Φ and using the property y Ny = 0 for an anti-symmetric matrix N,V is reduced tȯ
which is bounded bẏ
By completing the squares, an upper bound ofV is obtained aṡ
If W is a compact set defined in Eq. (27), then the time rate of change of the Lyapunov candidate function is strictly semi-negative in the complementary set W c and positive in the compact set W . Thus, the Lyapunov candidate function V decreases everywhere in the complementary set W c , but increases in the compact set W which contains the origin at e = 0 andΘ = 0. Any trajectory of e andΘ starting in W will remain in W for all t. Therefore, the compact set W is an invariant set. 16 Then, any trajectory e andΘ starting in the complementary set W c will approach the largest invariant set W as t → ∞. 21 It follows by the LaSalle's Invariance Principle that e andΘ are ultimately uniformly bounded. Thus, the adaptive optimal control modification is stable.
Remark:
The effect of the optimal control modification is to add damping to the weight update law so as to reduce high-frequency oscillations in the weights. The damping term depends on the persistent excitation (PE) condition. With persistent excitation, the weight Θ is exponentially stable and bounded. This scheme is contrasted to the wellknown σ - 16 and ε 1 -18 modification methods and other variances which also add damping terms to prevent parameter drift in the absence of the persistent excitation. 18 These adaptive laws are compared as follows: In the presence of fast adaptation, i.e., λ min (Γ) 1, the adaptive law (11) is robustly stable for ν = 1 with all closed-loop poles having negative real values.
Proof: The adaptive law (11) can be written as
If Γ 1 is large and the input is PE, then in the limit as
Hence, the closed-loop tracking error equation becomeṡ
where S = A m P − PA m . For ν = 1, the closed-loop poles are all real, negative values with Re [s] = −λ P −1 Q . The system transfer function matrix H (s) = sI + P −1 Q −1 is strictly positive real (SPR) since H ( jω) + H (− jω) > 0, and thus the system is minimum phase and dissipative. 22 The Nyquist plot of a strictly stable transfer function for a SISO system is strictly in the right half plane with a phase shift less than or equal to π 2 , 22 corresponding to a phase margin of at least π 2 . For a MIMO system, the diagonal elements of the system transfer function matrix exhibit a similar behavior.
Lemma 1:
The equilibrium state y = 0 of the differential equatioṅ
is a piecewise continuous and bounded function, and Γ > 0 ∈ R n×n , is uniformly asymptotically stable, if there exists a constant γ > 0 such that
which implies that y is locally bounded by the solution of a linear differential equatioṅ
, where t i = t i−1 + T 0 and i = 1, 2, . . . , n → ∞. Proof: Choose a Lyapunov candidate function and evaluate its time derivative
Then, there exists γ > 0 for which V is uniformly asymptotically stable since
This implies that exp −2ˆt
Thus, the equilibrium y = 0 is uniformly asymptotically stable if
It follows thatV ≤ −2γV ⇒ yẏ ≤ −γy 
To show this, we first evaluateV aṡ 
where y (t) : [0, ∞) → R n , A ∈ R n×n is a Hurwitz matrix, and g (t) : [0, ∞) → R n ∈ L ∞ is a piecewise continuous, bounded function, is asymptotically stable and semi-globally bounded from above by the solution of a differential equationż
where α ≥ 1 ∈ R and c = sup t |g (t)|. Proof: For matching initial conditions y (0) = z (0), the solutions of y and z are 
α can be made large enough for αA −1 c − A −1 g (τ) < 0 because A −1 c < 0 and g is bounded, therefore y ≤ z. Thus, y ≤ z for all t ∈ [0, ∞) and some α ≥ 1.
Theorem 3:
The steady state tracking error is bounded by
if there exists a constant γ > 0 such that γ = inf t
+T 0 t Φ ΓΦdτ > 0 ∈ R and a constant vector β > 0 ∈ R n where
Proof: SinceΘ is bounded by the adaptive law (11) and lim
Since e ∈ L 2 , x ∈ L 2 , and so Φ (x) ∈ L 2 , then using Lemma 1, the adaptive law (11) can be written as 
which leads to Eq. (65). The steady state upper bound on the norm ofΘ Φ is also obtained as
Thus for γ → ∞, the last term on the RHS of Eq. (65) goes to zero, and e is only dependent on ν. If, in addition, ν → 0, then e → 0, but if ν → ∞, e ∈ L ∞ is finite and does not tend to zero. Thus, ν has to be selected small enough to provide a desired tracking performance, but large enough to provide sufficient robustness against time delay or unmodeled dynamics. With ν = 1 as the optimal value, further increase the value of ν beyond the optimal value will actually reduce robustness as well as tracking performance. Thus, a practical bound for ν is 0 < ν < 1. Both Theorems 2 and 3 provide a guidance in a trade-off design process for selecting a suitable value of ν to meet performance and robustness requirements.
III. Application to Neural Net Adaptive Flight Control

Fig. 3 -Direct Neural Network Adaptive Flight Control
Consider the following inner loop adaptive flight control architecture as shown in Fig. 3 . The control architecture comprises: 1) a reference model that translates rate commands into desired acceleration commands, 2) a proportionalintegral (PI) feedback control for rate stabilization and tracking, 3) a dynamic inversion controller that computes actuator commands using desired acceleration commands, and 4) a neural net direct MRAC with the optimal control modification.
Damage adaptive flight control can be used to provide consistent handling qualities and restore stability of aircraft under off-nominal flight conditions such as those due to failures or damage. The linearized equations of motion are expressed asẋ
where A i j and B i , i = 1, 2, j = 1, 2 are known, x = p q r is a vector of roll, pitch, and yaw rates; z = ∆φ ∆α ∆β ∆V ∆h ∆θ is a vector of perturbation in the bank angle ∆φ , angle of attack ∆α, sideslip angle ∆β , airspeed ∆V , altitude ∆h, and pitch angle ∆θ ; u = ∆δ a ∆δ e ∆δ r is a vector of additional aileron, elevator, and rudder deflections; and f i (x, z), i = 1, 2 is an uncertainty due to damage which can be approximated as
Φ (x, z) is a basis function for a sigma-pi neural network with C i , i = 1, . . . , 4, as inputs consisting of control commands, sensor feedback, and bias terms; defined as follows:
where φ =φ + ∆φ , α =ᾱ + ∆α, β =β + ∆β , V =V + ∆V , h =h + ∆h, and θ =θ + ∆θ ; and the overbar symbol denotes a trim state. These inputs are designed to model the unknown nonlinearity that exists in the damaged aircraft plant dynamics. For example, the aerodynamic force in the x-axis for an aircraft is given by
Thus, C 1 , C 2 , and C 3 are designed to model the product terms of x, z, and u in the aerodynamic forces and moments equations; and C 4 models the gyroscopic cross-coupling terms of x in the moment equations.
The inner loop rate feedback control is designed to improve aircraft rate response characteristics such as the short period mode and the dutch roll mode. A second-order reference model is specified to provide desired handling qualities with good damping and natural frequency characteristics as follows:
where φ m , θ m , and ψ m are reference bank, pitch, and heading angles; ω p , ω q , and ω r are the natural frequencies for desired handling qualities in the roll, pitch, and yaw axes; ζ p , ζ q , and ζ r are the desired damping ratios; δ lat , δ lon , and δ rud are the lateral stick input, longitudinal stick input, and rudder pedal input; and g p , g q , and g r are input gains.
Let p m =φ m , q m =θ m , and r m =ψ m be the reference roll, pitch, and yaw rates. Then the reference model can be represented asẋ
and r = δ lat δ lon δ rud . Assuming the pair (A 11 , B 1 ) is controllable and z is stabilizable, an angular rate feedback dynamic inversion controller is computed as
where u c is a control surface deflection command vector as an input to a flight control actuator system which can be modeled as a first-order system
where Λ = diag (λ a , λ e , λ r ) > 0 is a vector of actuator rates for aileron, elevator, and rudder. When the actuator dynamics are fast relative to the reference model, i.e., λ min (Λ) σ min (A m ), then the actuator output follows the input closely so that u ≈ u c .
Let e = ´t 0 (x m − x) dτ x m − x be the tracking error, then the tracking error equation is given bẏ
Let Q = 2I, then the solution of Eq. (12) yields
Evaluating the term B PA −1 m B yields B PA
Applying the adaptive optimal control modification (11), the weight update law is then given bẏ
IV. Simulation Results
To evaluate the adaptive optimal control modification, a simulation was conducted using a generic transport model (GTM) which represents a notational twin-engine transport aircraft as shown in Fig. 4 . 24 An aerodynamic model of the damaged aircraft is created using a vortex lattice method to estimate aerodynamic coefficients, and stability and control derivatives. For the simulation, a damage configuration is modeled corresponding to a 28% loss of the left wing. The damage causes an estimated C.G. shift mostly along the pitch axis with ∆y = 0.0388c and an estimated mass loss of 1.2%. The principal moment of inertia about the roll axis is reduced by 12%, while changes in the inertia values in the other two axes are not as significant. Since the damaged aircraft is asymmetric, the inertia tensor has all six non-zero elements. This means that all the three roll, pitch, and yaw axes are coupled together throughout the flight regime. The remaining right aileron is the only roll control effector available. In practice, some aircraft can control a roll motion with spoilers, which are not modeled in this study. The reference model is specified by ω p = 2.0 rad/sec, ω q = 1.5 rad/sec, ω r = 1.0 rad/sec, and
The state space model of the damaged aircraft is given by 
The actuator dynamics are modeled with λ a = λ e = λ r = 50 /sec with position limits of ±35 o for the aileron and elevator and ±10 o for the rudder.
The pilot pitch rate command is simulated with a series of ramp input longitudinal stick command doublets, corresponding to the reference pitch angle ±3.81 o from trim. The tracking performance of the baseline flight control with no adaptation is compared against the neural net direct MRAC, the ε 1 modification with µ = 0.1, and the present adaptive optimal control modification with ν = 0.1. The adaptive gains are selected as large as possible within the numerical stability limit of the adaptive laws. This results in Γ = 60 for direct MRAC, Γ = 800 for the ε 1 modification, and Γ = 2580 for the adaptive optimal control modification. Thus, it can be seen that the optimal control modification can tolerate a much larger adaptive gain than the standard MRAC. This large adaptive gain allows the adaptive optimal control modification to better adapt to uncertainties than the standard direct MRAC. Figure 5 illustrates the pitch rate response due to the four controllers. With no adaptation, the baseline flight control system cannot follow the reference pitch rate very well as there is a significant overshoot. Both the direct MRAC and the ε 1 modification improves the tracking by about the same amount. However, the adaptive optimal control modification appears to provide better tracking than the MRAC and the ε 1 modification.
Since the damage occurs to one of the wings, the roll axis is most affected. With no adaptation, there is a significant roll rate as high as 20 o /sec as shown in Fig. 6 . Both the direct MRAC and ε 1 modification reduce to maximum amplitude of the roll rate to about 10 o /sec. The adaptive optimal control modification further reduces the roll rate to a maximum value of about 4 o /sec. Figure 8 is the plot of the tracking error L 2 norm for all the three aircraft angular rates that compares the overall performance of the four controllers collectively in the three axes. When there is no adaptation, the tracking error norm appears to grow considerably in the first 10 sec. The ε 1 modification actually results in higher tracking error than the direct MRAC. This could be explained by the fact that the ε 1 modification trades performance for robustness, so the tracking performance is expected to be worse. The adaptive optimal control modification results in the smallest tracking error norm as compared to the MRAC and ε 1 modification. Thus, overall, the adaptive optimal control modification performs significantly better than the MRAC and ε 1 modification. The attitude responses of the damaged aircraft are shown in Figs. 9 to 12. When there is no adaptation, the pitch attitude could not be followed accurately as seen in Fig. 9 . With adaptation on, the tracking is much improved and the adaptive optimal control modification follows the pitch command better than the direct MRAC and the ε 1 modification. Figure 12 shows a plot of the sideslip angle. In general, flying with sideslip angle is not a common practice since a large sideslip angle can cause an increase in drag and more importantly a decrease in the yaw damping. With the adaptive optimal control modification, the sideslip angle is reduced to near zero, while the direct MRAC and ε 1 modification still show some sideslip angle responses. The control surface deflections are plotted in Figs. 10 to 12. Because of the wing damage, the damaged aircraft has to be trimmed with a rather large aileron deflection. This causes the roll control authority to severely decrease. Any pitch maneuver can potentially run into a control saturation in the roll axis due to the pitch-roll coupling that exists in a wing damage scenario. With the maximum aileron deflection at 35 o , it can be seen clearly from Fig. 13 that a roll control saturation is present in all cases. The range of aileron deflection when there is no adaptation is quite large. As the aileron deflection hits the maximum position limit, it tends to over-compensate in the down swing because of the large pitch rate error produced by the control saturation. Figure 14 is a plot of the elevator deflection which is shown to be within a range of few degrees for all the four controllers and well within the control authority of the elevator. This implies that the roll control contributes mostly to the overall response of the wing-damaged aircraft. 
Fig. 14 -Elevator Deflection
The rudder deflection is shown in Fig. 15 . With no adaptation, the rudder deflection is quite active, going from almost −7 o to 2 o . While this appears small, it should be compared relative to the rudder position limit, which is usually reduced as the airspeed and altitude increase. The absolute rudder position limit is ±10 o but in practice the actual rudder position limit may be less. Therefore, it is usually desired to keep the rudder deflection as small as possible. Both the direct MRAC and ε 1 modification improve the situation somewhat, but the adaptive optimal control is able to keep the rudder deflection quite small and virtually almost at trim. To demonstrate stability robustness of the adaptive optimal control modification, the time delay margin (TDM) is computed numerically in the simulations as a function of the parameter ν. A time delay is introduced between the actuators and the damaged aircraft plant model and is adjusted until the adaptive optimal control modification algorithm is on the verge of instability. The results are plotted in Fig. 16 for an adaptive gain Γ = 60. As ν increases, the time delay margin also increases. This results in a more robust controller that can tolerate a larger time delay which acts as a destabilizing disturbance to the controller. However, for the same adaptive gain, increasing ν tends to degrade the tracking performance. Therefore, in general, ν is selected to balance the competing requirements for performance and stability robustness that usually exist in a control design. 
V. Conclusions
This study presents a new modification to the standard model-reference adaptive control based on an optimal control formulation of minimizing the L 2 norm of the tracking error. The adaptive optimal control modification adds a damping term to the adaptive law that is proportional to the persistent excitation. The modification enables fast adaptation without sacrificing robustness. The modification can be tuned using a parameter ν to provide a trade-off between tracking performance and stability robustness. Increasing ν results in better stability margins but reduced tracking performance. When ν approaches unity, the system is robustly stable with all closed-loop poles having negative real values. Simulations of a damaged generic transport aircraft were conducted. The results demonstrate the effectiveness of the adaptive optimal modification, which shows that tracking performance can be achieved at a much larger adaptive gain than the standard direct model-reference adaptive control. As a result, significant improvements in performance can be attained with the adaptive optimal control modification.
